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1 Introduction

Pick a formal system of mathematics, S. Certain LS-sentences are made
true by S, but unprovable within S. Some examples are outlined in §2,
namely Gödel sentences, Goodstein’s Theorem, and game-theoretic deter-
minacy.

However, there are reasons to think that Gödel sentences are qualita-
tively different from those of ordinary mathematics. In §3, I argue that
these and other concrete non-examples demonstrate a stable, non-trivial
classification ‘genuinely mathematical proof’ (GMP), and similarly ‘gen-
uinely mathematical sentence’ (GMS), which are conceptually indepen-
dent. The classifications are (most likely) contextually determined, de-
pendent on culture and psychology. For example, a necessary condition
for both classifications is surveyability. They are intimately connected to
a widely agreed upon inter-subjective notion of ‘mathematically interest-
ing’.

Isaacson’s account of genuine arithmetic is outlined in §4, which osten-
sibly shows the completeness of PA with respect to genuine arithmetic. In
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Incompletenesses

§5, we see Horsten’s attempted generalisation, that genuine mathematics
is captured by ZFC. However, I argue that the arithmetic case is funda-
mentally dissimilar from the mathematics case. Overall, Horsten’s reason-
ing is found wanting.

In the final section, §6, I review the game-theoretic results which ap-
pear to be the strongest putative examples of genuinely mathematical in-
completeness. I argue that these sentences actually include under-determined
general mathematical terms. Given that the acceptable precisifications of
these under-determined terms yield different truth values for sentences,
they are insufficient for genuine mathematics. So, we are able to excise
some instances of incompleteness due to lack of precision in our general
mathematical terms.

2 Incompletenesses

A suitably strong consistent formal system, S, has (S-)undecidable sen-
tences. This means that a mathematician could be struggling to find an
(S-)proof of a particular theorem, where there is none. This is a real worry
to some mathematicians today [35]. We outline some examples.

2.1 Gödel Sentences

Theorem 1 (Gödel’s First Incompleteness Theorem [14]). Let S be a formal
system which interprets PA, and let c be an internal coding of the syntax of S.
Then S contains a true sentence, G(S,c), which is not S-provable .

G(S,c) is exactly the sentence ∀xF(x) = 0 for some primitive recursive
function, F, which will depend on the specific coding. Hence, the sentence
is Π0

1.

2.2 Goodstein’s Theorem

A further example of incompleteness in PA is Goodstein’s Theorem:

2



Incompletenesses

Theorem 2 (Goodstein’s Theorem). Every Goodstein Sequence terminates.1

Goodstein’s Theorem also has problematic metatheoretic properties, as
its proof requires ε0-induction. This is equivalent to proving ConPA, hence
it is PA-undecidable [17] [23].2

Theorem 3. Goodstein’s Theorem is independent of PA, if PA is consistent.

2.3 Determinacy

Mathematics is stronger than PA, but stronger systems also suffer from
‘interesting’ incompletenesses ([33] §7.5). Some of these can be found by
looking at the theory of games.

In a (Gale-Stewart) game, the two players move successively, choos-
ing from the same (countable) stock of moves, with some winning plays
([29] §6A). The study of strategies on games is clearly mathematically in-
teresting. Such a game can be modelled by its winning set, W ⊆ NN:
n ∈ N represents a move; a play is a sequence of moves, so is repre-
sented by n̄ ∈ NN. Then the winning set is defined as W = {n̄ ∈
NN | n̄ represents a winning play}.

Definition 4 (Determinacy). A game is determined if and only if at every point
there is a winning strategy for one of the players.

Definition 5 (Borel). The collection of Borel sets of a space is the smallest collec-
tion containing the open sets that is closed under countable unions, and relative
complements.

Theorem 6 (BDT). Any game on a Borel set in the space of games (NN) is
determined.3

Theorem 7. BDT is independent of Z, if Z is consistent.

1A Goodstein Sequence, (G(n)k) ∈NN starts with the exponential base 2 representa-
tion of n ∈ N. The next value is obtained by increasing each instance of the current base
by 1, then subtracting 1 [17].

2Goodstein’s Theorem is Π0
2. The Riemann Hypothesis is a possible natural Π0

1 exam-
ple (via some coding) [21].

3The topology on NN is non-standard.
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GMP & Interest

The proof of BDT essentially relies on repeated uses of Replacement
([11] §1), which is independently controversial ([33] §12, [38] §2.3.10).

Definition 8 (Projective). The collection of projective sets of a space is the small-
est collection containing the Borel sets that is closed under taking continuous
images, countable unions, and relative complements.

Generalisation 9 (PD). All projective games are determined.

Theorem 10. PD is independent of ZFC, if ZFC is consistent.

The standard proof of PD relies on a large cardinal axiom ([29] §6H):

Axiom 11 (IW). There are infinitely many Woodin cardinals.

Generalisation 12 (AD). All games are determined.

Theorem 13. AD is independent of ZF, if ZF is consistent.

The strongest known grounds for AD is that it holds in L(R), given a
strengthening of IW ([30] §8.24).4 Moreover, AD contradicts Choice ([29]
§6H), though is consistent with countable Dependent Choice [22].

Theorem 14. ZFC ` ¬ AD

3 GMP & Interest

Something seems to be off about the candidate examples of incomplete-
ness. The first class of candidates were the Gödel sentences. But these
seem unnatural, and their proof methods are distinctively unlike ordinary
mathematics ([33] §13.1). Their meta-theoretic content can only be inter-
preted via specific arbitrary codings. So, the meta-claim of undecidabil-
ity is encoded by G(S,c), but G(S,c) itself is a 40,000+ character long arith-
metic sentence.5 This seems to be the kind of arithmetic sentence which
(a) mathematicians do not want to prove, and (b) tells us nothing about
undecidability. It seems, then, that G(S,c) is not genuinely mathematical.

4ADL(R) is also motivated by suitable applications of a width reflection principle
([18]:169).

5Where the character count includes indices and primes [26].
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GMP & Interest

The term ‘genuinely mathematical’ is difficult to unpack in full gen-
erality. Hence we focus on GMP, for classifying grounds (or proofs), and
GMS, for sentences (or problems, or questions). In §3.3, I argue that these
are distinct.

These classifications are somewhat aesthetic. They also appear to be
contextually determined. They vary by culture: the Romans were princi-
pally interested in mathematical applications ([15]:116), whilst contempo-
rary interest extends much further. Like other cultural tastes, e.g. those in
art, some intuitions are more valuable. In our case, the intuitions of math-
ematicians are most valuable. Moreover, our tastes are tutored, in this case
by mathematical educators, and are partially based on psychology and bi-
ology.6

Rather than total relativism, there is widespread inter-subjective agree-
ment on what is interesting (hence people read each others’ papers, work
together, etc.), allowing us to classify cases as not genuinely mathematically
interesting, relative to our standards.7

3.1 Sociological Information

The aim is to sharpen the approximate notion of GMP held by many.
One attempt at capturing this sociological information is to characterise
GMP (and GMS) as ‘what is done in mathematics departments’. But this
is overly simplistic. Mathematics departments contain “foundations of
mathematics provocateurs” (Friedman [12]), e.g. certain set theorists, whose
inclusion seems unsuitable ([16] §5.2). For example, the higher reaches of
set theory are only tenuously linked with mathematics proper, especially
given their segmentation into incompatible systems. Questions like “does
this set have this property?” are sometimes unanswerable, as set theo-
ries and theorists disagree. This is distinctively unlike canonical areas of
mathematics.

6There may be an informative objective substratum underpinning the classification
‘mathematically interesting’ which GMP approximates, like saltiness in (gustatory) taste.

7We need not accept conventionalism, as our mathematical interests may be dictated
by how we are, but indexed by context.
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The sociological information8 is better captured by a suitably tutored
opinion poll. The equivalent GMS test seems plausible also.

Test (Reaction Test). A proof is GMP if having explained to a mathematician,
they assert that it is mathematical/mathematically interesting.

This test is naturalistically justified by the intuitive authority mathe-
maticians have to identify mathematics (though they may not have the au-
thority to explicate it) [31]. For the reasons above, care is needed on who
counts as a mathematician.9

3.2 Non-Triviality

To show that the classification ‘GMP’ is non-trivial, we can consider some
paradigmatic examples and non-examples (the same can be given for GMS
sentences).

We start with paradigmatic examples of GMP proofs. Ordinary proofs
of arithmetic or algebra are unambiguously GMP, e.g. proof that ∀r ∈
R(r2 ≥ 0). There are also sociological examples, e.g. the content of today’s
A level mathematics syllabus.

A plausible non-example is Goodstein’s Theorem. Any given instance,
“(G(n)k) terminates”, is a PA-theorem. However, some of these PA-proofs
are incomprehensibly long. For example, G(51) terminates after around
1015,151,337 steps [33]. If we limit ourselves to only the structures legiti-
mated by PA (i.e. disallowing ε0-insights), we simply cannot engage with
the content of this proof: it essentially relies on a sequence of increments
beyond our capacity for understanding. The same phenomenon occurs
with Boolos’ Sentence in [2], whose shortest PA1-proof is simply monu-
mental.

These sentences are only problematic if we constrain ourselves to PA,
whilst we may be able to give GMP proofs using a stronger proof the-
ory, e.g. Z. But a similar phenomenon occurs in ‘everyday’ mathematics,
where there are no obvious proofs in legitimate stronger formal theories.

8This build on ideas from Potter, Friedman, and Feferman [9].
9One candidate solution would be a generic generalization of ‘mathematician’.
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Current proofs of the four-colour theorem depend on computational assis-
tance [1], they distinguish cases and computationally check each case. But
the checking process, again, is too long for human comprehension. These
proofs are unfeasible, no person could comprehend one at once.10 The
four-colour theorem’s status is interesting, as are understandable proof
subsections. But given that no one can engage with the proof’s content in
full, any interest is surely only in connected material, e.g. sections of the
proof or implications of the theorem.

The link with psychology explains the importance of grasping or un-
derstanding; the mathematical content of a proof can only be interesting if
it could be understood by a mathematician in its entirety.11 This means that
the test puts a limit on the length of GMP proofs. It must have a surveyable
or comprehensive form, no longer than e.g. a few articles. This is necessary,
but possibly not constitutive of GMP.12

However, GMP does not coincide with surveyability. This can be seen
from the case of G(S,c). If G(S,c) were surveyable, we would still excluded it.
We can draw this out by considering the community reaction to the acts of
proving different theorems. Spending a lifetime proving that ∀xF(x) = 0
for some random primitive recursive function, F would not engage the
community, whilst proving Goldbach’s conjecture would. Even excluding
facts about form, we do not (inter-subjectively) value every primitive re-
cursive function. This gives us reason to there may be no GMP proof of
G(S,c).

One candidate explanation for contemporary proofs of G(S,c) not being
GMP is their use of unorthodox methods. Consider a theorem picked
at random from a mathematics journal. Such a proof is overwhelmingly
likely to purport to be an unconditional proof, outside of a formal system.
So, the essential use of “formal languages, ... axiomatic systems and their
models relative to a language” (Feferman, [8]) disqualify some proofs of

10Another example may be the current proofs which make up the classification of sim-
ple groups [32].

11We exempt ‘unconstrained’ mathematicians, e.g. god.

12G(S,c) or
2n︷ ︸︸ ︷
¬...¬ φ, for some large n and GMS φ, are possibly non-GMS, as they are

unsurveyable.

7



GMP & Interest

undecidability.13

As with the use of unorthodox methods, the use of non-mathematical
assumptions might disqualify a proof from being GMP. Proofs relying on
large cardinal axioms are dubious, because the axioms themselves are not
currently socially accepted, nor are they likely to be ([9] §1). This classi-
fies the proofs of AD and PD as non-GMP, given that they rely on large
cardinal assumptions.

3.3 GMP vs. GMS

A possible pretheoretic hypothesis is that GMP and GMS are conceptually
codependent.14 If a proof of φ is GMP, we naturally conclude that φ is
GMS, reasoning that each line in a GMP proof is GMS, and that φ is a line
of the proof. Conversely, one might think that mathematics is closed under
proofs, i.e. a proof of a GMS sentence (in a suitable system) just is GMP.

However, the claim of dependency is unjustifiable. Firstly, one cannot
generally ascertain proof complexity from sentential complexity. One ex-
ample is PA, where speed-up theorems remain short, whilst their proof
length (in lines) becomes unfeasibly long ([33] §13.8). The lack of proof of
G(S,c) is something like a limiting case, where the proof is ‘infinite’. So just
because a sentence is GMS, it does not mean that it will have a GMP proof
in any reasonable formal system.

Secondly, proof complexity essentially depends on the strength of the
proof system. Adding set-rank levels permits both more theorems and
shorter proofs. The short ε0-induction proof of Goodstein’s Theorem is
an example ([33] §13.1). Another is Boolos’ Sentence in [2], which has a
comprehensible 3 page PA2-proof, unlike in PA1. More generally, there are
Π0

1 LPA-sentences which are first provable high up the set-theoretic hier-
archy. These are plausibly GMS (or even arithmetical), but they have non-
GMP grounds, as their justifications require large cardinals. Whilst sen-

13These techniques are commonly distinguished from normal mathematics, being clas-
sified as metamathematical, foundational, etc.

14Perhaps based on Wittgenstein’s view that the meaning of φ ∈ Sent(LM) is its proof
[34].
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tences can be classified as GMS independent of any formal system, GMP
grounds are entangled with the salient system.

So there may be GMS sentences with no GMP solutions. A possible
natural example is PD (see §6). Like BDT, this is the kind of question that
interests mathematicians, i.e. it is GMS. But its proof relies on IW, suggest-
ing that it is non-GMP.

4 Isaacson & Arithmetic

The question then is whether these classifications coincide with some ex-
planatory property which is informative about the alleged genuinely math-
ematical incompletenesses. To begin, we limit our discussion to arith-
metic, where Isaacson argues for an understanding of ‘(genuinely) arith-
metical’ which excludes the putative arithmetical incompletenesses [19].

Isaacson conceives of arithmetic as a stable “natural type within the
space of mathematical knowledge” [20]. With Isaacson, I take it that PA
naturally captures this conception, as the weakest categorical first-order
analysis of natural number ([19] §2), but this does not seem essential for an
Isaacson’s account.15 The more general thought is that only proofs which
ultimately rely exclusively on arithmetical grounds are arithmetical. Arith-
metic grounding is roughly an (epistemic) direct grasping of the truth of a
sentence based only on the articulation of our understanding of the natu-
ral numbers ([19] §5). So, for the language of arithmetic, LA:

Isaacson’s Hypothesis. φ ∈ Sent(LA) is genuinely arithmetical iff the proof
of φ is (ultimately) justified by truths directly grasped from our understanding of
the natural numbers.

Like GMP, this classification is sociological, based on our grasp of the
natural number structure. Examples seem to me to lend this account credi-
bility. Our understanding of this structure is such that we immediately see
that e.g. the proof that there are infinitely many primes is arithmetically
grounded, but it gives us no direct evidence for G(PA,c).

15The inspiration seems to be Tait’s account of PRA and finitistic mathematics ([20]
§VII).
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He then argues that all PA-undecidable LA-sentences contain “hidden
higher order content”, so they are “not about natural numbers, but ‘about’
the statements themselves” ([19] §5). They are onlyLPA1-expressible through
unnatural codings ([19] §6).

Isaacson’s arguments for the exclusion of putative examples are het-
erogeneous. The ε0-proof of Goodstein’s Theorem is excluded since to see
the truth of ε0-induction requires second-order non-arithmetical insight
into e.g. well-ordering ([19] §5), despite being LPA1-expressible. These
grounds are non-arithmetical, hence disqualifying this proof from arith-
meticality. Likewise, G(PA,c) has no directly comprehensible arithmetical
content, such content can only be assigned through coding.

The problematic propositions seemingly have no arithmetical grounds,
so are not arithmetical truths, and are not arithmetical incompletenesses of
PA. So Isaacson can maintain that PA is complete with respect to arith-
metical statements [28].

5 Horsten & ZFC

Given the credibility of Isaacson’s account of arithmetic, one might hope
to provide a more general account which describes mathematics tout court.
Perhaps some system captures mathematics, and the putative incomplete-
nesses also use ‘clever coding’, with no mathematical grounds, so are not
genuinely mathematical. Enter Horsten, who explicitly generalises Isaac-
son, arguing that the ‘mathematical truths’ are exactly the ZFC theorems
[16]. I contend that this account is unsustainable. There are specific issues
with Horsten’s argument and a general disanalogy between number the-
ory and set theory. This suggests that GMP grounds do not coincide with
ZFC proofs, i.e. ZFC does not capture genuine mathematics.

ZFC is an obvious candidate for such a system. It is commonly de-
scribed as a foundation for mathematics ([24] §I.4), and there are easy and
canonical ZFC-formalisations for much mathematics. Horsten also quotes
the mathematician Shelah, who professes to interpreting ‘true’ as ‘prov-
able in ZFC’ ([36], xi), as direct naturalistic evidence in support of his po-
sition.
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Horsten & ZFC

Horsten argues indirectly that ZFC captures mathematics, by rejecting
any alternative system ([16] §4). Systems stronger than ZFC are rejected on
the naturalistic grounds that mathematicians value proofs in extensions of
ZFC less than ‘outright’ ZFC-proofs ([16] §5.1). So, certain problems which
can be expressed in mathematical language (e.g. CH, Suslin’s Hypothesis
[18]:16) are not questions of mathematics proper. On pain of inconsistency,
Horsten cannot definitively exclude notions that cannot be formalised in
ZFC ([16] §4.3). Instead, he gestures towards heterogeneous explications
of each. The most developed is a brief comment excluding category theory
as there is “too much disagreements among constructivists today for us to
see a solid body of mathematics there” ([16] §5.1).

Against the plausibility of weaker systems, he suggests that ZFC most
accurately describes the amount of set theory necessary to capture the
“general principles” of mathematics (rather than a specification of the set-
theoretic hierarchy). Further, he claims that results requiring Replacement,
e.g. BDT, justify ZFC over Z ([16] fn. 38, [11]:339).

His explanation depends upon a distinction between mathematical and
philosophical grounds. He persuasively argues that the proofs of, e.g., G(ZFC,c)
necessarily involves philosophical grounds ([16] §4.1). Such proofs are not
ZFC-formalisable. To formalise these, the (informal) language of mathe-
matics, LM, is extended by a truth predicate, and we add (e.g.) Tarski’s
truth axioms. But then mathematicians’ intuitions about the set-theoretic
universe are too weak to “produce the conviction that all the axioms of
ZFC are true” in this structure ([16] §4.1). Moreover, the mere notion of a
truth predicate is inherently philosophical and non-mathematical, hence
classifying G(ZFC,c) as not genuinely mathematical. This accords with our
explanation for why G(S,c) is non-GMP.

5.1 Specific Issues

Horsten’s account is untenable (though the distinction between philosoph-
ical and mathematical grounds is credible). Firstly, it does not have the in-
tended naturalistic support [17]. He justifies ZFC as his candidate on the
grounds that it formalises much mathematics, but almost all mathemat-
ics is ZC-formalisable as well as ZFC-formalisable. Horsten’s inclusion of
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Replacement is suspect, given its dearth of use [6]. The regressive justifica-
tion for Replacement is also limited, as (1) certain versions of ZC interprets
the ordinals (in particular, Potter’s ZC [33] §12), and (2) we might have
reason to think that BDT is not a sentence of genuine mathematics. More
generally, mathematics happens in an informal system, never mentioning
any set-theoretic axioms at all.

A concrete difference between the two accounts is the treatment of pu-
tative counterexamples in Isaacson and Horsten. To exclude a proof in
an extension of ZFC, Horsten must “show that the mathematical com-
munity does not accept a certain statement as true” (Incurvati [17]). In-
curvati points out that this is distinctively different and harder than the
equivalent for Isaacson, who need only show that “to see the truth of [PA-
undecidable LA-sentences], we need to employ concepts that go beyond
our basic grasp of the structure of the natural numbers”, which could still
be mathematical structures.

This suggests a vicious circularity. Isaacson is in a position to distin-
guish truths established by looking to “some more comprehensive mathe-
matical theory” ([19] §7), and those using only arithmetic, i.e. he classifies
proofs as arithmetical-mathematical vs. non-arithmetical-mathematical.
However, Horsten seemingly wants to characterise ‘mathematical’ by gen-
eralising a pre-existing characterisation which already includes the term ‘math-
ematical’, in his distinction between mathematical and philosophical grounds.
The analogous claim for Horsten would be to distinguish ZFC-mathematical
truths from non-ZFC truths established in a more comprehensive mathe-
matical theory. But this does not explain mathematicality. In general, it is
dubious to suppose that, given that there are models of ZFC, discussion of
those models would be necessarily non-mathematical.

Moreover, the arguments for the exclusion of ZFC-uninterpretable no-
tions are unconvincing. For one, his ‘disagreement’ argument against cat-
egory theory is simply false. Mac Lane & Moerdijk’s topos-theoretic inter-
pretation of ZC [27], and its plausible enlargements to ZFC ([38] §2.3.10),
does all the foundational work asked of Z(F)C and more besides, so could
just as easily work as a foundation for mathematics. Further, categorically-
founded algebra is reliant on category theory, using techniques which are
increasingly remote from ZFC [39], suggesting that ZFC is insufficient as
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an analysis of mathematicality. There are ordinary bits of mathematics
(which are increasingly standard) which are only captured with categorial
theories, not with ZFC.

On a similar note is the issue of randomness. Randomness is simply
not ZFC-interpretable [25], but is apparently a paradigm notion of math-
ematics. Horsten’s only possible response is to deny that (genuine) ran-
domness is a part of mathematics proper. However, Horsten presents no
such argument against the mathematicality of randomness, nor does this
seem plausible. There’s a sense in which this is expected: if we think of
ZFC as fundamentally capturing a notion of set, rather than being deliber-
ately designed as a foundation for all mathematics, then it is unsurprising
that not all mathematical notions can be captured within it.

5.2 Disanalogy

Horsten alludes to one disanalogy between Isaacson’s account and his
own, that adopting new set-theoretic axioms is more palatable than adopt-
ing new (first-order) arithmetical axioms ([16] §4.4). But the differences
run deeper, as ZFC has different intuitive reactions and independent di-
mensions of indeterminacy.

In number theory, the hunch is that for a suitable LPA-sentence, what-
ever works is a GMP proof. For example, a hypothetical proof of Gold-
bach’s Conjecture using PA + ConPA would seem to be GMP, just as we
take Wiles’ non-PA proof of Fermat’s Last Theorem to be both GMP and
to be an outright proof of the theorem.

But assuming PA + ConPA is fairly tame, indeed this is Z-provable.
When we consider set-theoretic additional assumptions, the intuitions change.
Suppose instead Goldbach’s Conjecture was proved using Z(FC) + IW.
Here, the astonishment at the use of large cardinals and strength of the
intuition that IW is a set-theoretic claim would overwhelm the ‘whatever
works’ approach to grounds. It seems we would describe this as a proof
that “IW→ Goldbach’s Conjecture”, rather than a proof of Goldbach’s Con-
jecture. These conditional proofs of conditional theorems might well be GMP
and GMS respectively, entirely independent of whether the outright proof
and theorems are accepted as mathematical. It seems that arithmetical
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assumptions just causes different intuitions to high consistency strength
mathematical assumption.

Intuitions on conditional proofs might differ. A more theoretically grounded
disanalogy is that there are two independent kinds of indeterminacy of
Z(FC) [9].

1. Height: almost any number of levels in the set-theoretic hierarchy is
consistent with Z(FC).

2. Width: above Vω, (for CH), Z(FC) does not determine the richness of
its levels.16

These kinds of indeterminacy seem necessarily distinct. A clear way to
see this is that certain notions of maximisation make height maximisation
inconsistent with width maximisation ([18]:172). They are different beasts,
and so we should not generally expect properties of one to apply to the
other.

Meanwhile, roughly speaking, PA is only indeterminately high. An
analogue of Isaacson’s argument classifies large cardinal (i.e. height) tech-
niques as non-GMP, but an independent argument is necessary to show
that this analogy applies to techniques specifying the width of the uni-
verse. Without this, the project of generalising from arithmetic to mathe-
matics tout court may be unworkable. As it stands, it might well be that
axioms which controlling the width of the hierarchy all lead to GMP proofs.

These problems with Horsten’s account and the issues in arguing anal-
ogously from arithmetic to mathematics suggest that to the best of our
knowledge there is no reason to maintain that either inclusion between
GMP and ZFC, i.e. ZFC does not capture genuine mathematics.

6 Incompletenesses Again

If Isaacson’s argument for the completeness of arithmetic cannot be gen-
eralised, one might worry that our putative examples demonstrate GMP

16This indeterminacy represents the different ways we might understand “subset”
([18]:162, 167). See §6.1.
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incompleteness. However, I maintain that these examples are either un-
problematic, or they suffer from under-determination, rather than incom-
pleteness. This is justified by analysing certain concepts in mathematics as
under-determined.

(Non-foundational) pure mathematicians would find the Z-proof of
Goodstein’s Theorem distantly recognisable, and conceivably interesting.
Perhaps this is because Z is widely accepted, and the statement involves
only elements which every mathematician is accustomed to, e.g. NN, ba-
sic operations. So it passes the Reaction test.

However, this seems unlike the Gödel sentence case. G(PA,c) is non-
arithmetical, but it also seems as though proofs of G(S,c) are non-GMP.
The standard proof relies on notions like truth predicates, or truth-like
predicates. These seem to go outside the bounds of mathematics.

Moreover, G(S,c) is unsurveyable, and reaction-wise, “many mathe-
maticians’ gut feeling is that they are not mathematical truths” for they
lack “concrete mathematical content” (Horsten, [16] §3, fn 8.). Hence it is
presumably non-GMS. But one natural hypothesis is that any justification
for a non-GMS sentence must involve non-GMP grounds, which disqual-
ifies G(S,c) ([17] §3).

One might suggest that the discussion here is too focused the stan-
dard form of G(S,c), and that the Gödelain sentences can be converted into
other forms which are much more likely to have genuinely mathematical
content. Perhaps the strongest candidate is the transformation of Gödel’s
theorem into a proof that there is an undecidable Diophantine, S(n̄), the
MRDP theorem. S(n̄) states that there is an integer solution to an inte-
ger coefficient equation in 11 variables ([5]:51), and is clearly surveyable.17

Moreover, many Diophantine equations and their solutions are of interest
to mathematics at large, indeed being the topic of Hilbert’s tenth problem
([10]:70), suggesting that this might have mathematical content.

Nevertheless, it seems that there are some reasons to think that this
particular Diophantine sentence might not be GMS. The authors write that
the “Although mathematical content is not so readily understood, the sen-
tence has a simple arithmetic form” (([5]:51). It is prima facie odd for the

17Many thanks to an anonymous reviewer for pointing this out.
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content of a GMS sentence to not wear its content openly, but this is isn’t a
serious issue. Instead, we might doubt its mathematicality for the reason
that we doubted that of the standard G(S,c), namely that G(S,c) says that
some otherwise unremarkable primitive recursive function has a root. A
proof to this effect would not interest the mathematical community. So
too, we might doubt whether solving this otherwise unremarkable Dio-
phantine equation would interest the mathematicians at large. Worse still,
we don’t know which Diophantine S(n̄) is ([5]:54)! In summary, just as
one might doubt that all statements of the existence of roots of primitive
recursive functions are GMS, we might also doubt that all statements of
the existence of solutions to Diophantines are GMS.

In both the S(n̄) and G(S,c) cases, it is the metatheoretic properties of the
sentences that are of interest: their surface mathematical content is limited.
Moreover, the proof of the metatheoretic properties of S(n̄) uses unortho-
dox methods ([5]:53), like axiomatic systems and proof theory, which may
disqualify it from GMP. This suggests that any doubts about the mathe-
maticality of G(S,c) are not artefacts of its form, instead other formulations
might also be disqualified.

The crux is determinacy. BDT is a contender for GMP and GMS ([33]
§13.2), but its status is somewhat controversial, as our standard proof re-
lies on repeated uses of Replacement, which is itself dubious. Even if
one accepts Replacement, the same problem occurs for the further gen-
eralisations, PD and AD. We noted above that these are ZFC-undecidable
and ZF-undecidable respectively ([29] §6). More significantly, their non-
ZFC proofs fail the Reaction test. These proofs would seem to leave our
mathematician gawking. They are simply too set-theoretic and abstract
to be mathetical(ly interesting). The combination of these widespread re-
actions (though not generally sufficient) and the use of IW in the proofs
together give evidence to suggest that these proofs are non-GMP. How-
ever, AD and PD seem GMS. So, they are seemingly GMS sentences with
non-GMP proofs, ostensibly demonstrating genuinely mathematical in-
completeness.
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6.1 Under-Determined Terms

I contend that PD and AD are in fact under-determined. They feature an
under-determined instance of the term ‘game’, which disqualifies them
from genuine mathematics, which suggests that we should not expect
them to have, e.g., a determinate truth value. This can be made clear by
considering the similarity of the following two questions:

1. Are all sets well-founded?

2. Are all (projective) games determined?

I take it that it is unsustainable to think that there is a single struc-
tural conception of set. Instead, there is a common core, or ‘partial con-
ception’ [9] with competing, non-integrable, legitimate precisifications [37],
e.g. well-founded or non-well-founded.

More specifically, Feferman argues that the notion of an ‘arbitrary set’,
notably ‘arbitrary subset of N’, is under-determined and unsharpenable.18

The issue is the breadth of competing conceptions of arbitrary subsets, in-
cluding but not limited to S(N), the set of all subsets of N, 2N the set of all
binary sequences of N ([9] §2d., [8]).19 This seems convincing to me: we
simply do change between different notions of a subset of the natural num-
bers, coming from all kinds of different concrete investigations and histor-
ical contexts. The ambiguity here seems worse that Feferman details, as he
glosses 2N as both the binary N-sequences and the binary N-trees. Prima
facie, we may have different and competing ideas of how these work.

Further ambiguity derives from competing conceptions of the contin-
uum, Feferman’s focus. For example, two geometric conceptions, the Hilber-
tian and the Euclidean, differ wildly in their ontology (the Euclidean line
being something beyond the collection of points). The ambiguity in the
concept of the continuum only adds to the ambiguity in the notion of an
arbitrary subset of the naturals, as the later is meant to subsume the for-
mer: we do sometimes interpret reals as collections of rationals.

18The general notion of a “subset” also requires unpacking ([18]:162), but the specific
case of subsets of naturals is the principal concern, as this is the lowest set-rank level
where notions of subset diverge.

19See also his argument concerning platonism [7].
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The next step in the argument is the claim that we cannot sharpen the
notion to an “arbitrary constructible subset of N, or any specific relativiza-
tion thereof, without violating the idea of an arbitrary subset of a set, in-
dependent of any means of definition” (Feferman, [7]). Equating ‘arbi-
trary subset’ with ‘constructible subset’ is clearly unsuitable: the whole
point of the concept of an arbitrary subset is that it does not make claims
about constructability. Such an identity requires a serious and controver-
sial philosophical commitment, which we cannot simply stipulate. Nor
can we sharpen the notion of an arbitrary subset by equating it to a subset
in one kind of visualisation (e.g. as subtrees), this again would not be an
arbitrary subset at all, it would instead be a subset of a particular type.

We do seem to have good grip on the notion ‘natural number’. But we
do not have such grip on ‘arbitrary set of natural numbers’,20 on grounds
of unsharpenable ambiguity of use and conception. So we are not in a
position to measure P(N). Hence, he argues that CH is indeterminate
and ‘inherently vague’ [9] [8].

I submit that (2.) would then be similar: we would not have a firm
enough grasp on an arbitrary (projective) game to ask whether it is de-
termined, it would depend on the salient notion of ‘game’. A (projective)
game correspond to W ⊆ NN.21 If we have insufficient grip on arbitrary
subsets of N, then we cannot have good grip on arbitrary subsets of se-
quences of N (as e.g. the constant sequences would then be subsets of N).
If Feferman’s arguments for the under-determination of CH hold, they
also show that ‘arbitrary game’ is under-determined. However, there still
can be a common, agreed-upon core to what constitutes a game, as with a
set.

We can now see how this affects the three key examples, AD, PD, and
BDT, by considering the parallel questions again. The well-founded-ness
of a set theory somehow identifies which set theory we are considering. I
submit that the same would hold for AD: if all games are determined, this
is a fact about our theory of games, not games themselves.22 The general

20This mirrors the account of Dummett in [4].
21These sequences are more than labels: we manipulate the number structure as a

stand-in for the game-play topology.
22Choice provides a ZF proof of ¬AD. However, Choice is to at least some extent con-
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notion of game or set does not determine a truth value for either of the
questions.

Next, we ask what happens when restrict the class of games. When we
restrict our class of sets to only those which are hereditarily built from the
empty set, we can prove that these sets are well-founded. In the same way,
we should expect that certain subclasses of games can be proved determi-
nate, despite an under-determined notion of ‘game’. Even if one doubts
Replacement, ‘game’ seems clear enough to prove the determinacy of a
relatively restricted class of games, e.g. there are GMP proofs that open
and closed subsets of Baire spaces are determined [13].23 On the other
hand, it seems that there is good evidence to think that projective sets are
sufficiently complex to mean that they will vary a lot based on precisifica-
tions of the notion of ‘game’ (which in turn will depend on precisifications
of ‘set’). This suggests to me that PD is susceptible to the kind of variation
that would lead to its under-determination. The open question is whether
the notion of game is sufficiently clear to guarantee the determinacy of
Borel sets, for BDT.

6.2 Stability

I maintain that under-determination is essentially different from GMP in-
completeness. Under-determination is roughly a non-categoricity result.
This is to say that there are simply different models of ‘set’ or ‘game’
which verify the mathematical common core, but which are not elemen-
tarily equivalent. But proofs giving differing truth values cannot be GMP:
one of the widest held intuitions about mathematics is that it is character-
istically unanimous. Mathematical disagreement shows that some party
is in error. There is no space for genuine relativity.

Formally, this justifies a supervaluationist test for a particular way to be
non-GMP (and there do seem to be other ways to be non-GMP, for example
being an argument clearly outside of the domain of mathematics, e.g. in

troversial (though e.g. countable Choice may not be). One explanation is that some
precisified conceptions of set verify Choice, but not all. Without the presupposition of
such a precisified notion of Choice, AD remains indeterminate.

23Thanks to an anonymous reviewer for highlighting this.
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history):

Test (Stability Test). If proofs of φ ∈ Sent(LM) yield different truth values
across (suitable) interpretations of under-determined terms, then:

(i) the grounds for φ are non-GMP,
(ii) φ is under-determined.

Such sentences might potentially be GMS, the test is cautiously mute
on this. A sentence is not immediately ‘seen’ to be under-determined,
this requires careful analysis of its proofs. Notably, uncontroversial set-
theoretic generics (e.g. “unions commute”) are not under-determined, as
their truth values are stable over interpretations.

PD has a differing truth value for suitable interpretations of ‘set’, i.e.
whether ‘set’ applies to particular large cardinal pseudo-sets, so is under-
determined. Dependent on the status of Choice [9], AD is either under-
determined or false. If all acceptable models witness Replacement, then
the ZF-proof of BDT would be GMP, but this is controversial.

One possible analysis is that questions like (1.) and (2.) are (equiva-
lently) questions about the usage of mathematics terms, not in mathemat-
ics. Take the question “what precisification of ‘game’ is salient?”. This
mention of the term ‘game’ seems meta-mathematical. It seems to be what
kind of object we are discussing, rather than one within the discourse of
mathematics. A parallel might be with when a physical system is anal-
ysed, in which case we might ask “what model best approximates the sys-
tem?”. This does not concern the properties of the model once it is decided,
it instead tries to fix which object (i.e. model) is being discussed. Such
questions would be considered outside of mathematics, perhaps in the do-
main of natural science. Worse still, in the case of ‘game’, the facts needed
to fix which kind of game we are considering seem equivalent to ques-
tions about what kind of mathematical universe is in play. But these facts
about the mathematical universe are seemingly outside of the domain of
mathematics.

Either way, proofs can be stably classified as non-GMP due to their
inclusion of an under-determined predicate. This motivates a program
of sharpening the under-determined notions with the intent to deliver a
GMP proof which removes incompleteness, e.g. “interpreting ‘game’ by
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these kinds of sets (which model IW) implies PD”. A rich source of work
would be to consider exactly the status of projective games, or where the
cut-off point falls in the projective hierarchy for games, especially whether
the indeterminacy in NN can be explicitly related to the indeterminacy of
the notion of a projective game, and also whether PD is determined by a
suitable sharpening of the notion of ‘game’. This would, in turn, require
some outline as to exactly what we take to be a suitable precisification.

In short, we have exchanged some incompleteness for under-determination.
“[‘Incompleteness’] suggests that the formal system in question fails to of-
fer a deduction which it ought to” (Isaacson [19] §8). But, as these sen-
tences are under-determined, we have no obligation to prove them. Even
though we cannot capture GMP with ZFC, to remove incompleteness à la
Isaacson, we can still exclude some instances of putative incompleteness
due to the lack of precision of general mathematical terms.
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